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» A transfer function is defined by

Laplace transform of system output
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Note: input, system and output into three separate and distinct parts.

A general nth-order, linear, time-invariant differential equation: _[ - gLT% S—=>+.

‘ d"c(t) d"1c(t) d™r(t) d™ 1r(t)
ﬁan T T -1 + -+ age(t) = bmdt—m+b’"‘1 Jrm1 + -+ byr(t)
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where c(zj 1s the output, rC ) 1s the input. - ‘7‘/‘7\7‘ f’ OCH o ¢

Assume zero initial condltlons and take the Laplace transform on both 51de

(ans™ + an_15™ 1+ -+ ag)C(s) = (bys™ + Br—15™ 1 + -+ +ag)R(s) \
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C(s) = R(s)G(s)
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S
d:i(tt) + 2c(t) = r(t), and use thé result to find

the response ¢(t) to a unit step input with zero initial conditions.
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Find the transfer function represented by

|
o Gt T gt s
- <€ ) portpt L 7'S (e W:?m
P&H’Ml Jrottien o poNse7) _ﬂflgf/zj:'[—’({g’:l):‘g"‘*—@ Clrweatn
Loplace Tran Sfarw Tohle ’\// — K (St reas
L7 (kte) st =] =3 | (s> o
& 52 Kty =0 R T R i T



Laplace Transform Page 5 of 19

One of the most important math tool in the course!

Definition:

For a function f(t) (f(t) =0 fort = 0)

F(s) = L{f(t)} = f‘_“dt (s: complex variable)

F(s) is denoted as the Laplace transform of f(t)

f(t) /\N /L\ F(S)
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Allow us to find f(t) given F(s):
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where

1, t >0
0, t<O0
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Transform an ordinary differential equation (ODE) into an algebraic equation (AE).

t-domain s-domain
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Laplace Transform Table

No.

1
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f(t)
5(t)
u(t)
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e~ %u(t)
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Laplace Transform Theorems (Properties) Page 9 of 19

Item no. Theorem Name
. [LFE)]= = [ f (B)e*tdt Definition
2 Zkf (¢ )] = kF ( ) Linearity theorem
3 Zfi®)+ f2(¢t)] = Fi(s) + F> (s) Linearity theorem
4. ZLle®f(t) =F(s+a) Frequency shift theorem
5 LIfE-T)] =e**F(s) Time shift theorem
6. ZLf(at))=1F(2) Scaling theorem
7 & -%J = sF (s) — f(0—) Differentiation theorem

8. L -%- = s?F (s) — sf(0—) — f(0—) Differentiation theorem

9. ¥ cg—: Z s"Fk f*=1 (0—) Differentiation theorem
[ ot F(s) :
s (e S b I R dT] = = Integration theorem
1. f(o0) = lir%sF (s) Final value theorem?
88—

12.  f(0+) = limsF'(s) Initial value theorem?2
§—00
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Partial-Fraction Expansion: To convert the function to a sum of simpler terms.

E.g.,
F(s) s34+ 2s°+6s5s+7
S) =
s“+s+5
Partial-Fraction Expansion ) Reminder:
I F(s)=s+1+ Order of the numerator
S g +s+5 less than its denominator
£ \
2
t) = L7Ms} + L71{1 +L—1{ }
m— f(0) = L5} + LTI+ LT



3 Cases (Roots of the Denominator) Page 11 of 19

1. Real and Distinct

2

F(s) = +1)(5+2)

2. Real and Repeated

2
(s+1)(s+2)2

F(s) =

3. Complex or Imaginary

3
F(S)  S(s2+25+5)

o~ "




Solution to ODEs via Laplace Transform Page 12 of 19

Differentiation Theorem: L {3—{} =sF(s) — f(0), L {ﬂ} = s%F(s) —sf(0) — f'(0),

dt?

c{ZL = snF(s) — BR_y s"7F FE1(0);

Example: Given the following differential equation, solve for y(t) if all initial conditions

are Zeros. . W . N
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Given the network below, find the transfer function I;((i) :
R, R
1) —A\W A ——
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Assume the TF of a SISO system 1s as follows:

| put
T(¢)= l
2 0 o

2= AztP
by S™+byy_1S™ " L4+bys+b, T\Q WY,
G(s) =2 = where m<n j = Cx P lovna 10
Then its state-space modetedd be written below: B
" o A
. — 0 0 46 .
x = Ax + Bu
where 4 =| : 0 ;
{y =Cx + Du 0 Ql C/ D
—ag .




Example
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N7 o S o0 07
—\ & 4?%[9 6(s) = 2s*+5s+3 Ay = 6 |
> 3534 7s2—6s5+1 - ) ~1
Please find its state-space model. }\; - 3
5 ”/\-/g
Zs2425+1 = ©
G(s) = EFUERPE (third-order system) ) = \D
LEA \
x = Ax + Bu _ 5
Its state-space model: {y — Cx + Du C . _ L | %' : ]
0O 1 0 0 _
_lo o 1]x_ _[{ 5 2] p_ = '\
a=(9 9 _Z,B_(l)],c_[1 > 2| p=[0] D=|o |
3 3.




Converting from State Space to TF Page 17 of 19

Assume the state-space model of a system 1s as follows M( M
{x = Ax + Bu <"

y = Cx+DuWWM

Take the Laplace Transform assuming zero initial conditions
{SX (s) = AX(s) + BU(s)

—\
¥(s) = CX(s) + DU(s) sy = (LA ) B-us).

Solving for X(s) in above equations

X(s) = (sI — A)~'BU(s) where I is the identity matrix
Substitute it to y = Cx + Du™>
Y(s) =[C(sI —A)~™ B+ D]JU(s

G(s) = Vs) =\C(sI —A)"'B+D \

U(S) —_— N ~—————r
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X =
61 — —2 —3 0 \
R 7 &/ /\/VA}’B y = 1 0 0]Jx+0- u\goﬂpﬂ&gw
Please find its transfer function.

G(s)=C(sI—A)'B+D

7

1 0 0 0 1 0N tr1o \/
=[1oo]<so1o—[0 0 1]) 0 |+ (0]
0 0 11 -1 —2 =3 0
s =1 0 717'no

=[1 0 O][O 2 —1
2 s+3

_ 10s2¥30s+20
—_ d
s3+3s%2+2s+1 \?




dhe End!!



